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Theorem 1. If the k x 1 vector Y is distributed as N(u,V), and if B is an m X k matrix
(m £ k) of rank m, then Z = BY is distributed as N(Bu, BV B’).

Proof. The moment generating function for the multivariate normal distribution of y is

E(ee'y) _ A HHOVO/2

’ ’ ’ ’ . .
(e¥ BY) = ¥ But0' BVB'0/2 \which is the moment

Hence, the moment generating function for 7 is
generating function for a multivariate normal distribution with mean vector By and covariance

matrix BVEB'. 1

Theorem 2. If B is a ¢ x n matrix, A an n X n matrix, and if BA =0, and Y is distributed as
N(u,0?I), then the linear form BY and the quadratic form Y’ AY are independently distributed.

Proof. Without loss of generality, A can be taken to be symmetric. Then there exists an or-
thogonal matrix P such that

PIAP = [Dl 0 ]

0 Do
where D; and Dy are diagonal, and writing the matrix in partitioned forms is needed in the proof
below. Let P'Y = Z. Then Z is distributed as N(P'u,0?I), since E(P'Y) = P’y and E[(Z —
P'u)(Z — P'u)] = P'E[(Y — u)(Y — u)']P = 021 by the orthogonality of P.
Now let
BP =C. (1)

By the hypothesis of the theorem,
0= BA=BAP = BPP'AP=CD (2)

and partitioning C' and D conformably, C'D can be written as

Cn 012] [Dl 0]

CD =
[021 Cao 0 Do
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where either Dy or Dy must be zero. If neither Dy nor Dy is zero, Eq.(2) would imply that Cyq =
Ci2 = C31 = Co2 = 0; hence C' = 0, and from Eq.(1), B = 0, which is a trivial case. So assume that
Dy is zero. But if Dy = 0, Eq.(2) implies only Cy17 = Co; = 0. Then

VAl

BY = BPP'Y =CZ=[0 Cs] [
Zy

|-z

where Cy denotes [C}, Cbhy]’, and

Y'AY =Y'PP'APP'Y = Z'DZ = Z1{D1Z;.
Since the elements of Z are independent and BY and Y’ AY share no element of Z in common, they
are independent. Nl

Corollary 1. It follows immediately that if the elements of the vector ' = (x1,...,x,) are
independent drawings from a normal distribution, the sample mean, T and (n times) the sample

variance, Y, (z; — T)?, are independently distributed.

This follows because, defining 7' as the vector of n 1’s, (1,...,1), we can write
Z'/
=
n
and ’ .y /
5 , 1 1 , 1
= (-1 - D= (1 -
S —af a1 - Dy 1 - Do — - B

and we can verify that the matrices (I — %) and (%) have a zero product.

Theorem 3. If A and B are both symmetric and of the same order, it is necessary and sufficient

for the existence of an orthogonal transformation P’ AP =diag, P' BP =diag, that AB = BA.

Proof. (1) Necessity. Let P’AP = Dy and P’"BP = D5, where D; and D5 are diagonal matrices.
Then PPAPP'BP = D1Dy = D and P’"BPP'AP = DyD, = D. But then it follows that AB = BA.
(2) Sufficiency. Assume that AB = BA and let Ay, ..., \. denote the distinct eigenvalues of A,

with multiplicities myq, ..., m,. There exists an orthogonal )1 such that
A1y 0 . 0
, 0 Xl ... 0
QlAQl = Dl = : : . : )
0 0 ... M\I.

where I; denotes an identity matrix of order m;. Then D; commutes with Q} BQ1, since

D1Q1BQ1 = Q1AQ1Q1BQ1 = Q1ABQ: = Q1 BAQ:
= Q1BQ1Q1AQ: = Q1 BQ1D;.
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It follows that the matrix Q) BQ; is a block-diagonal matrix with symmetric submatrices (Q} BQ1);
of dimension m; (i = 1,...,r) along the diagonal. Then we can find orthogonal matrices P; such

that P/(Q}BQ1);P; are diagonal. Now form the matrix

P 0 ... O
0O P ... 0
Q=1 . . . )
0o 0 .. P

Q- is obviously orthogonal. Then the matrix ) defined as (Q1Q2 is orthogonal and diagonalizes both
A and B, since
Q'AQ = Q5D1Q2 = Q5Q2D1 = Dy

(because the blockdiagonality of Q2 causes it to commute with Dy), and
Q'BQ = Q3Q1BQ1Q2

is a diagonal matrix by construction. 1l

Theorem 4. IfY is distributed as N(u,I), the positive semidefinite forms Y’ AY and Y'BY
are independently distributed if and only if AB = 0.

Proof. (1) Sufficiency. Let AB = 0. Then B’A’ = BA =0 and AB = BA. Then, by Theorem
3, there exists an orthogonal P such that P’AP = Dy, and P’BP = D,. It follows that DDy = 0,

since

D1Dy = PPAPP'BP = P'ABP

and AB = 0 by hypothesis. Then D; and Dy must be of the forms

A1 0 0
Di=|0 00 (3)
0 0 O
and
0 0 O
Dy=10 Ay 01,
0 0 O

where A; and As are diagonal submatrices and where D; and Dy are partitioned conformably.
Now let Z = P'Y. Then Z is distributed as N(P’u,I), and

Y'AY = Z'P'APZ = Z1 A1 7y

and
Y'BY = Z'P'BPZ = Z{A\2 7.
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Since the elements of Z are independent and the two quadratic forms share no element of Z in
common, they are independent.

(2) Necessity. If Y/AY and Y'BY are independent, and Y = PZ, where P is orthogonal and
P'AP = Dy, then Z'D1Z and Z'P'BPZ cannot have elements of Z in common. Thus, if D; has
the form of Eq.(3), then P’BP must be of the form

0 0 0
Dy =0 Ag Ass
0 Az Asz

Then P’APP'BP =0, from which it follows that AB = 0. 11
Definition 1. A square matrix A is said to be idempotent if A2 = A.
In what follows, we consider only symmetric idempotent matrices.

Theorem 5. The eigenvalues of a symmetric matrix A are all either 0 or 1 if and only if A is

idempotent.

Proof. (1) Sufficiency. If X is an eigenvalue of the matrix A, and z is the corresponding eigen-
vector, then
Ax = Ax. (4)

Multiplying (4) by A yields
A%z = NAX = N2z,

but since A is idempotent, we also have
A%x = Az = .
From the last two equations it follows that
(A2 =Nz =0,

but since x is an eigenvector and hence not equal to the zero vector, it follows that A is equal to

either 0 or 1. It also follows that if A has rank 7, there exists an orthogonal matrix P such that

P/AP — [{) 8] 5)
where [, is an identity matrix of order r.

(2) Necessity. Let the eigenvalues of A all be 0 or 1. Then there exists orthogonal P such that
P'AP = E,, where E, is the matrix on the right hand side of Eq.(5). Then A = PE,P’, and

A? = PE,P'PE,P' = PE,.P' = A, and A is idempotent.
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Theorem 6. If n-vector Y is distributed as N (0, 1), then Y'AY is distributed as x?(k) if and
only if A is idempotent of rank k.

Proof. (1) Sufficiency. Let P be the orthogonal matrix that diagonalizes A, and define Z = P'Y".

Then
k

Y'AY = Z'P'APZ = 2}
i=1
by Theorem 5. But the right hand side is the sum of squares of k normally and independently
distributed variables with mean zero and variance 1; hence it is distributed as y?(k).
(2) Necessity. Assume that Y'AY is distributed as x?(k). Since A is symmetric, there exists

orthogonal P such that P’AP = D, where D is diagonal. Let Z = P'Y’; then

n
Y'AY = Z'P'APZ = Z'DZ =Y _d;z},
i=1
and we define the right hand side as ¢. Since the z; are N(0,1) and independent, the moment

generating function of ¢ is
n

[ — 26412

i=1
The moment generating function for Y’ AY (since it is distributed as x?(k)) is (1 — 26)~*/2. These
two moment generating functions must obviously equal one another, which is possible only if & of

the d; are equal to 1 and the rest are equal to 0; but this implies that A is idempotent of rank k. ll

In the next theorem we introduce matrices A, and A, ; the subscripts that identify the matrices
refer to the context of hypothesis testing in the regression model and indicate the model restricted

by the hypothesis or the unrestricted model.

Theorem 7. Let u be an n-vector distributed as N (0,0%1), and let A, and A, be two idempo-
tent matrices, with A, # A, and A, A, = A,. Then, letting u, = A,u and u, = A,u, the quantity

F = (“’T“T_“izzzt//(‘frr((ﬁ:;_tr(‘q“)) has the F distribution with tr(A,) — tr(A,) and tr(A,) degrees of

freedom.

Proof. Dividing both numerator and denominator by o2, we find from Theorem 6 that the
denominator has x?(tr(4,)) distribution. From the numerator we have u/.u, — ulu, = v Al Au —
u' Al Ayu = v (A, — Ay)u. But (4, — A,) is idempotent, because

(Ay — Au)2 = A2 — A Ay — AyAr + A2 = Ay — Ay — Ay + Ay = A, — Ay

Hence, the numerator divided by o2 has x?(tr(4,) — tr(A,)) distribution. But the numerator and
the denominator are independent, because the matrices of the respective quadratic forms, A, — A,

and A,, have a zero product. 1l
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Theorem 8. If Y is distributed as N(u,0?I), then Y'AY/o? is distributed as noncentral
x2(k, \), where A = u' Ap/20? if and only if A is idempotent of rank k.

The proof is omitted.

Theorem 9. The trace of a product of square matrices is invariant under cyclic permutations

of the matrices.

Proof. Consider the product BC, where B and C' are two matrices of order n. Then tr(BC) =
>2i 2 bigeji and tr(CB) = 37, > cijbji. But these two double sums are obviously equal to one

another. I
Theorem 10. All symmetric, idempotent matrices not of full rank are positive semidefinite.

Proof. For symmetric and idempotent matrices, we have A = AA = A’A. Pre- and postmulti-

plying by 2’ and x respectively, =’ A’ Ar=y'y, which is = 0. I
Theorem 11. If A is idempotent of rank r, then tr(A) = r.

Proof. Tt follows from Eq.(4) in Theorem 5 that P’AP = E,.. Hence, from Theorem 9 it follows
that tr(A) = tr(P’AP) = tr(APP") = tr(E,) =r. 1

Theorem 12. IfY is distributed with mean vector ;. = 0 and covariance matrix o2, then
E(Y'AY) = o?tr(A).

Proof.
E(Y'AY) = E{D > ayviy;} = B{Y  auti} + E{ 2 aijyiv;}
v ' [
. But when i # j, E(y;y;) = E(y;)E(y;) = 0; hence E(Y'AY) = o%tr(A). I

We now specify the regression model as
Y =XB+u (6)

where Y is an n x 1 vector of observations on the dependent variable, X is an n X k matrix of
observations on the independent variables, and u is an n X 1 vector of unobservable error terms. We

make the following assumptions:

Assumption 1. The elements of X are nonstochastic (and, hence, may be taken to be identical

in repated samples).
Assumption 2. The elements of the vector u are independently distributed as N (0, 0?).

It follows from Assumption 2 that the joint density of the elements of u is

/2
I — 1 " e—u'u/Qa2
2mo? '
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The loglikelihood is
__(r (™Y 1ogo? — L v — x5y (v -
log L = (2) log(27) (2) logo? — 5 (Y = XB)'(Y - X),

and its partial derivatives are

dlogL 1
o = X - x)

dlog L 1 1

jg =53t 5aY = XB)(Y - Xp).

Setting these equal to zero yields the maximum likelihood estimates, which are
f=(X'X)"'X"Y (7)
and
6° = (Y = XB)(Y = XB)/n. (8)

Remark. It is obvious from the form of the likelihood function that the estimate § is also the
least squares estimate of [, i.e., the estimate that minimizes (Y — X8)'(Y — X3), without any
assumptions about the distribution of the error term vector wu.

Theorem 13. B is unbiased.

Proof. E[(X’X)_lX’Y] = (X'X)"'X'E(XB+u)=8+Eu)=731
£2\ _ n—k

Theorem 14. E(5%) = 2=£g2,

Proof. Substituting into Eq.(6) for 3 yields

= %E[Y’(I —X(X'X)T' X1 - X(X'X)T'X")Y]
= %E[Y’(I - X(X'X)"1x")Y], 9)

since I — X(X'X)~ !X’ is idempotent, as may be easily verified by multiplying it by itself. Substi-
tuting X8 + u for Y in Eq.(9) yields
E(6%) = %E{ [w'(I - X(X'X)"" X" )ul},
and applying Theorem 12,
E(6%) = %UQtr(I - X(X'X)'X) = %02 [tr(1) —tr (X (X' X) "' X)]

n—k
o2

_ %02 [ — tr ((X'X)(X'X)7")] =

It follows from Theorem 14 that an unbiased estimator of o can be defined as 62, = (n/(n —
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Theorem 15. 3 has the k-variate normal distribution with mean vector 3 and covariance
matrix o%(X'X)~!

Proof. Normality of the distribution follows from Theorem 1. The fact that the mean of this

distribution is 3 follows from Theorem 13. The covariance matrix of 3 is

E[(B-8)(8-p)] = E(BF) = 58 = E{(X'X)"' X'(XB +u)(XS +u) X(X'X)'} - 55/
=E[(X'X)'X'PIX(X'X) ] =0} X'X)!

Theorem 16. (n — k)62, /0? is distributed as x*(n — k).

Proof. (n—k)é2, can be written as % [I— X (X’ X) ' X]%. Since I—X(X'X)~'X’ is idempotent
of rank n — k, Theorem 6 applies. 11

Theorem 17. 3 and 62, are independently distributed.
Proof. Multiplying together the matrix of the linear form, (X'X)~!X’ and of the quadratic
form, I — X(X'X)~1X’, we obtain
(X'X)'X'(I -X(X'X)"'X') =0,
which proves the theorem. Nl

Theorem 18. (Markov) Given Y = X3+ u, E(u) = 0, E(uu’) = 021, and E(u'X) = 0, the
best, linear, unbiased estimate of (3 is given by 3 = (X' X)"'X'Y.

Proof. First note that Assumption 2 is not used in this theorem. Let C' be any constant matrix

of order k x n and define the linear estimator
f=CY
. Without loss of generality, let C = (X’ X)~ !X’ + B, so that
4= [X'X)"'X' + B]Y. (10)
Then unbiasedness requires that
E(B)=FE{[(X'X)"'X'+ B]Y} =3+ BXj3 = 5.

For the last equality to hold, we require that BX = 0.

The covariance matrix of [ is

EB-pB)B-p) = (BB)
E{[(X 1X’+B][XB+u][6’X’+u’][X(XX '+ B} -804,



Regression Theory 9

where we have substituted for 4 from Eq.(10) and for Y we have substituted X + u. Noting that
any expression in the product with BX in it is zero due to the requirement of unbiasedness, and any
expression with a single u becomes zero when we take expectations, the covariance matrix simplifies
to o?[(X'X)~!' + BB']. But BB’ is a positive semidefinite matrix; hence the covariance matrix of

B exceeds that of B by a positive semidefinite matrix. Hence the least squares estimator is “best.”

Theorem 19. Denoting the it" diagonal element of (X' X)~! by (X'X); ', the quantity [(BAz -
1 1
Bi)/«X/X)i_lUQ) ?1/[02,/0%]? has the t distribution with n — k degrees of freedom.
. 1
Proof. (B;—3)/[(X'X); '0?]? is normally distributed as N (0, 1) by Theorem 15. 02, (n—k)/o?
is distributed as x?(n — k) by Theorem 16. The two are independently distributed by Theorem 17.

But the ratio of an N(0, 1) variable to the squareroot of an independent x? variate, which has been
first divided by its degrees of freedom, has t(n — k) distribution. Il

We next consider a test on a subset of the regression parameters. For this purpose we partition
the regression model as
Y=X161+X262+’U,, (11)

where X7 isn x (k —¢q) and X3 is n X ¢, and where 51 and (5 are (k —¢)- and g-vectors respectively.
We shall test a hypothesis about the vector (2, leaving (3, unrestricted by the hypothesis.

Define S (Bl,ﬁg) as the sum of the squares of the regression deviations when the least-squares
estimates for both 8; and [ are used, and denote the sum of the squares of deviations when (35 is

assigned a fixed value, and a least-squares estimate is obtained for (; as a function of the chosen (s

by S(Bl (B2), Ba).

Theorem 20. The quantity [(S(Bl (B2), B2) — S(Bl,ﬁg))/q]/[S(Bl,Bg)/(n - k;)] is distributed
as F(q,n— k).

Proof. The least squares estimate for 1, as a function of s, is
B1(B2) = (X1 X1) ' X1 (Y — Xaf3)
and the restricted sum of squares is
S(61(Ba), B2) = Y — Xofo — X1 (X1 X1) ' X (Y — XQBQ)]/[Y — Xof — X1(X{X1) ' X{(Y — X2f32)]
=(Y' = B X3)Ar (Y — X2f82) = (81 X7 + ) Ar (X1 B1 + u)
=u' Au,
where A, = I — X1(X]X1)"'X}, and where we have used Eq.(11) to replace Y. Since S(Bl,ﬁg) is
u' Ayu, where A, = I — X (X' X)X’ the ratio in the theorem can be written as

_ u' (A — Ay)u/q

WA/ (n—k) (12)



10 Quandt

A, — A, is idempotent, for
(Ar - Au)Q = Ar - Au - ArAu - A'u.Ar;

but
A A =1 - X(X'X)'X'] [T - X1(X1X1) ' X]]

=T - X(X'X)7'X' - X1 (X1 X)X 4+ X(X' X)X X (X X)X

where the last matrix on the right can be written as

X () (61601 = X ().

Hence, A A, = A, and A, — A, is idempotent. It further follows immediately that A, (A, —
A,) = 0; hence the numerator and denominator are independently distributed. But the ratio of
two independent 2 variates, when divided by their respective degrees of freedom, has the indicated
F-distribution. 11

Corollary 2. If 3, is the scalar parameter representing the constant term, and (5 the vector
of the remaining k — 1 parameters, the F-statistic for testing the null hypothesis Hy : B2 = 0 is
[RQ/(k: —1)]/[(1 = R?)/(n — k)|, where R? is the coefficient of determination.

Proof. Define y =Y — Y, © = Xy — X4, where Y is the vector containing for each element the
sample mean of the elements of Y and X5 is the matrix the jth column of which contains for each
element the sample mean of the corresponding column of Xs. Then write the regression model in

deviations from sample mean form as

y=1x02+v

where v represents the deviations of the error terms from their sample mean. The numerator of the

test statistic in Theorem 20 can then be written as

[S(B2) — S(B2)] /(K —1). (13)
We have
S(62) =y'y + Byx'zfy — 2052y (14)
and
S(B) = (y— 2B) (y — xfa) =4y — P2’y — (v — Bha’x) 3o (15)

Note that the parenthesized expression in the last equation is zero by the definition of Bg as the

least squares estimate. Then

S(B2) — S(B2) = Bha’x s — 284’y + Bha'y
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= Bha'x By — 2Bha’y + Bha'y + Bhx'wfa — o' x s
(by adding and subtracting 3a'z32)
= Bha'wBy — 205"y + B’z
(by noting that the third and fifth terms cancel)
= Bya’xBa + o' wf — 2857 13

(by replacing z'y by z'z5s)

= (B2 — B2) a"x(B2 — ). (16)

We also define .
1-32:1—3(/62). (17)

vy

Under Hy, S(82) — S(32) = Box’y = yyR? from the first line of Eq.(16) by the definition of R? in
Eq.(17). Combining the definition of S(32) with that of R? yields for the denominator y'y — R%y'y.
Substituting these expressions in the definition of F' and cancelling out 4’y from the numerator and

the denominator yields the result. il

Theorem 21. Let X, be an x k and X an n X p matrix, and assume that there exists a
matrix C' of order p x k such that X,, = XC. Then the matrices A, = I — X, (X' X,)"1X] and
Ay =1 - X(X'X)"1X' satisfy the conditions of Theorem 7.

Proof. A, and A, are obviously idempotent. To show that A,.A, = A,, multiply them to obtain
A Ay =T - X (X.X) X, - X(X' X)X + X (XL X)X X (X' X)L X!
=1 - X, (X/ X)X, - X(X'X)"' X' + X, (X.X,)"'C'X’

=1-X.(X.X,)"'X. =A,,

where we have replaced X/ in the first line by C’X’, cancelled the term (X’ X)(X’X)™!, and finally
replaced C’X’ by X1

The precise form of the test statistics in performing tests on subsets of regression coefficients
depends on whether there are enough observations (“degrees of freedom”) to obtain least squares
regression coefficients under the alternative hypothesis. We first consider the case of sufficient degrees

of freedom.

Sufficient Degrees of Freedom.

Case 1: Test on a Subset of Coefficients in a Regression. Write the model as

Y = X101+ Xof2 +u=XG+u, (18)
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where Xyis n x k1 and X5 is n X kg, and where we wish to test Hg : #2 = 0. Under Hp, the model is

Y = Xlﬁl + u, (19)

I
-x(f)

where the matrix on the right in parentheses is of order (k; + k2) X k1. Hence the conditions of

and we can write

Theorem 7 are satisfied. Denote the residuals from Eq.(18) and (19) respectively by 4, and ..
Then the F-test of Theorem 20 can also be written as
(’&;«’&,« _ '&;'&u)/kQ
’&u’&u/(n — k?l — kg) ’

(20)

which is distributed as F'(ko,n — k1 — ko).

Since 4, = (I — X(X'X)7'X")u and 4, = (I — X1(X]X1) ' X])u, the numerator is u'(A, —
Ay)u/tr(A,. — Ay), where the trace in question is n — k1 — (n — k1 — ko)) = ko. By the same token,
the denominator is u’A,u/(n — k1 — ko). But this is the same as the statistic (12).

Case 2: Equality of Regression Coefficients in Two Regressions. Let the model be given by

Y, = XiBi 4+ u; 1=1,2, (21)

where X7 is ny X k and X3 is ne x k, and where k < min(kq, k2). We test Hy : 81 = (2. The

unrestricted model is then written as

el w] (8] ] e

and the model restricted by the hypothesis can be written as

Y = [?;]ﬁl—l-u. (23)

We obviously have

where the the matrix in brackets on the right is of order 2k x k and the conditions of Theorem 7

are satisfied. The traces of the restricted and unrestricted A-matrices are

X

tI‘(AT) = tI‘(I — XT(X;'XT)_lxr/') = tr{[n1+n2 — |:X2

] (X1 X, + X5 X0) " H(X] Xé)} =n1+n2 —k

and .
X, 0][X{X1 o] [X{ 0

tr(Ay) = tr{[ — [ 0 X 0 XX, 0 Xé] }: ny +ng — 2k.
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Letting @, and w4, denote, as before, the unrestricted and restricted residuals respectively, the test
statistic becomes
('&;«'&r B ’0,;’0,“)/](3
ﬁ;&u/(nl + no — 2](3) ’
which is distributed as F(k,n1 + no — 2k).

Case 3: Equality of Subsets of Coefficients in Two Regressions. Now write the model as

Yi = XifBi + Zivi + ui 1=1,2,

where X; is of order n; X k1 and Z; is of order n; x ko, with k1 + ko < min(ni, n2). The hypothesis
to be tested is Hqg : 1 = (.

The unrestricted and restricted models are, respectively,

B
) (X 0 Z 0 B2 uy | _
Y—[YQ]—[O R ZQ] ” +[u2]_x(5+u (24)
V2
and 5
X oz 0 ! _
Y_[Xg 0 Z2:| 7| +u=X.0, +u. (25)
V2
Clearly,
I 0 0
I 0 0
X=X 0o I 0}’
0 0 I

and hence the conditions of Theorem 7 are satisfied. Hence we can form the F-ratio as in Eq.(12)
or (20), where the numerator degrees of freedom are tr(A4, — A,) = n1 +no — k1 — 2ka — (n1 +ng —
2k1 — 2k3) = k1 and the denominator degrees of freedom are tr(A4,) = ny + na — 2k — 2ks.

Insufficient Degrees of Freedom.

Case 4: Equality of Regression Coefficients in Two Regressions. This case is the same as Case
2, except we now assume that ny < k. Denote by @, be the residuals from the restricted regression
using the full set of n; 4+ ny observations and let 4, denote the residuals from the regression using
only the first n; observations. Then @, = A,u, 1, = Aju;, where A} = I — X1(X]X;)"1X]. We

can then also write @, = [41 Olu, and 4,4, = v’ A,u, where

A o] 26)

A“:[o 0

is an (n1 + n2) X (n1 + n2) matrix. Since XjA; = 0, we have

X'A, = [X] XY [“(1)1 8] =0
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Hence A, A, = A,, and the conditions of Theorem 7 are satisfied. The relevant traces are tr(A4,) =
ny +ng — k and tr(Ay,) = ny — k.

Case 5: Equality of Subsets of Coefficients in Two Regressions. This is the same case as Case
3, except that we now assume that ks < no < ki + ko; hence there are not enough observations
in the second part of the dataset to estimate a separate regression equation. As before, let i, be
the residuals from the restricted model, and 4, be the residuals from the regression on the first n;
observations. Denote by Wi the matrix [X; Z1]. Again as before, 4, = Ay u, G, = Aju; = [A; 0]u,
where Ay = I — Wi (W{W1)~'W]]. Defining A, as in Eq.(26), we again obtain 4,4, = A, and the
conditions of Theorem 7 are satisfied. The relevant traces then are tr(A,) = n1 +ns — k1 — 2ko and
tr(Ay) = n1 — k1 — k — 2. Notice that the requirement that tr(A,) — tr(A,) be positive is fulfilled if
and only if no > ko, as we assumed.

Irrelevant Variables Included.

Consider the case in which

Y=Xi+u

is the “true” model, but in which the investigator mistakenly estimates the model

Y = X161 + Xof2 + u.

The estimated coefficient vector 3 = (3, (3}) becomes

] [
X’Xli

o] e

5 _ [(Xin)
(X3X1)

“[oloe

X5
from which it follows that
[ e ] [ B ]
Ba 0]’
and hence the presence of irrelevant variables does not affect the unbiasedness of the regression
parameter estimates. We next prove two lemmas needed for Theorem 22.

Lemma 1. If Aisn x k, n = k, with rank k, then A’ A is nonsingular.

Proof. We can write

Ay
Az
where A} A; is of order and rank k. We can then write C’A; = Ag, where C’ is an (n — k) x k
matrix. Then A’A = A{[I + CC']A;. The matrix CC’ is obviously positive semidefinite; but then

A'A =[A] Al [ ] = A A + AL As,

I+ CC" is positive definite (because its eigenvalues exceed the corresponding eigenvalues of CC’ by

unity). But then A’A is the product of three nonsingular matrices.
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Lemma 2. Let X; be n X k1, Xo be n x ka, let the columns of X = [X; Xa| be linearly inde-
pendent, and define M = I — X (X} X1) ' X]. Then the matrix (X}X2) — (X5X1)(X]X1) 1 (X] X2)

is nonsingular.

Proof . Write (X5X2) — (X5X1)(X1X1) 1 (X]X2) as XM X5. M obviously has rank p(M) =
n—ki. Since M X; = 0, the columns of X; span the null-space of M. It follows that p(M X3) = ko, for
if the rank of M X5 were smaller than ks, there would exist a vector co # 0 such that M Xoco = 0, and
the vector Xsco would lie in the null-space of M, and would therefore be spanned by the columns of
X;. But then we could write Xoco 4+ X1c1 = 0, for a vector ¢; # 0, which contradicts the assumption
that the columns of X are linearly independent.

But then it follows that X, M X, = X, M'M X5 has rank ko by Lemma 1. lI

Theorem 22. The covariance matrix for Bl with Irrelevant variables included exceeds the

covariance matrix for the correctly specified model by a positive semidefinite matrix.

Proof. The covariance matrix for 3; for the incorrectly specified model is obviously the upper
left-hand block of of

—1

2 | (X1X1) (X1X2)
(X3X1) (X3X2)

whereas the covariance matrix in the correctly specified model is
oo (X1 X)L

Since the inverse of a partitioned matrix can be written as

A B

_ [A—l [[+B(D—-CA'B)"'CA'] —A'B(D-CA'B)~!
c D

—(D—CA-'B)~1CA! (D— CA~'B)~! ’

the required upper left-hand block of the covariance matrix in the misspecified model is
o (X1X1) 71+ (X1 X2) (X3 X5) — (X3X0) (X1 X1) (X1 X)) H (X X0) (X1 X0) ™
= 02{(X1X1)_1 + (X1 X)) THX1X) [X5( — Xl(X{Xl)_lXi)Xﬂ_1(X§X1)(X1X1)_1}
Subtracting o%(X]X;)™!, we obtain the difference between the two covariance matrices as

o { (X1X0) (X1 X) [XB (1 — X2 (X1X0) XD Xo] (X5 X0) (X X0) 7!

Since the matrix in square brackets is positive definite, its inverse exists and the matrix in {} is

positive semidefinite. I
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Relevant Variables Omitted.

Consider the case in which the true relation is
Y =X161 + Xof2 4+ u, (27)
but in which the relation
Y = X181 +u (28)
is estimated. Then we have
Theorem 23. For the least squares estimator (31 we have E(3) = (1 4+ (X} X1) ™1 (X} X2)s.

Proof. We have (1 = (X, X1) "' X1Y = (X} X1) "' X|[ X131 + X202 +u], and taking expectations
leads to the result. 1
Estimation with Linear Restrictions.

Now consider the model
Y =X3+u, (29)
r= RS, (30)
where r is p x 1, Ris p x k, p < k, and where the rank of R is p(R) = p. We assume that the
elements of » and R are known numbers; if the rank of R were less than p, then some restrictions

could be expressed as linear combinations of other restrictions and may be omitted. Minimizing the

sum of the squares of the residuals subject to (30) requires forming the Lagrangian
V= -Xp)(Y-XpB) —-N(RE-r), (31)

where A is a vector of Lagrange multipliers. Now denote by ( and A the estimates obtained by
setting the partial derivatives of Eq.(29) equal to zero, and let B denote the least squares estimates

without imposing the restrictions (30). Then we have

Theorem 24. 3=+ (X'X) 'R/(R(X'X)"*R)"*(r — RB) and A = 2(R(X'X)"'R)~(r —
Rpj).

Proof. Setting the partial derivatives of Eq.(31) equal to zero yields

ov

55~ —2X'Y +2(X'X)3 -~ R'A=0 (32)
oo~

Multiplying Eq.(32) on the left by R(X’'X)~! yields

—2R(X'X)'X'Y + 2R3 - R(X'X) 'R'A=0
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or

—2RB+ 2R3 — R(X'X) 'R'A =0. (34)

Since 3 satisfies the constraints by definition, Eq.(34) yields

A=2[R(X'X)"'R'|"'(r — RB).

Substituting this result in Eq.(32) and solving for 3 yields

P 1

B=p+X'X)'R[R(X'X)"'R] " (r — RB). (34a)

Corollary 3. Ifr — R3 =0, then E(3) = 8 and A = 0.

Proof. Substituting X8 + u for Y and (X’X)"'X'Y for § in the expression for 3 in Eq.(34a)
and taking expectations yields the result for E(/3). Using this by replacing 4 by 3 in the formula
for X yields the result for E(f).

Define

A=T—(X'X)'R[R(X'X)"'R'| 'R (35)
We then have
Theorem 25. The covariance matrix of 3 is 0?2 A(X'X) ™.
Proof. Substituting (X’'X)~!X"Y for B and X3 +uforY in 3 (Eq.(34a)), we can write
B-EB) =XX)"'X - R[R(X'X)"'R'] _1R(X’X)_1X’]u (36)
= [ - (X’X)"'"R[R(X'X)"'R'| 'R (X'X) "' X'u = A(X'X) "' X'u.

Multiplying Eq.(36) by its transpose and taking expectations, yields

Cov(B) = c?A(X'X)T A
=0l - (X'X)"'"R'[RX'X)"'R'| "R|(X'X)"'[I - R'[R(X'X) 'R'] _1R(X’X)‘1]
= (X' X)) — (X'X)'R'[R(X'X) !

— (X'X)"'R[RX'X)"'R (

+(X'X) 'R [R(X'X)"'R] " R(

)

=?AX' X)L
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We now consider the test of the null hypothesis Hy : RG = r. For this purpose we construct an
F-statistic as in Theorem 20 (see also Eq.(12)).
The minimum sum of squares subject to the restriction can be written as
Sy ={Y - X[f+X'X)'R[RX'X)'R] " (r— RB)]}
x {Y = X[B+ (X'X)"'R'[R(X'X)"'R'] " (r — RB)]}
— (Y - XB) (Y - XB) - [X(X'X)"'R'[R(X'X)"'R] "
— (Y = XB) [X(X'X)'R'[R(X'X)"'R] "' (r — RB)]
+(r—RAY[RX'X)"'R] (X' X) " (X' X)(X'X) ' R[R(X'X)'R']”
= Su+(r—RB) [R(X'X)™'R]"(r — RB),
where S, denotes the unrestricted minimal sum of squares, and where the disappearance of the

second and third terms in the third and fourth lines of the equation is due to the fact that that
XY -X B) = 0 by the definition of 8. Substituting the least squares estimate for B in (37), we

—1

(r—RA3))' (Y — XB)

1

(r — Rp)

obtain

S, — 8y = [r — R(X'X) "' X'V [R(X'X) 'R

=[r—RB—R(X'X)"'X'u)[R(X'X)"'R']~
— W X(X'X)'R[R(X'X) 'R T R(X'X) " X u = u/ Byu,

[r— R(X'X)"'X'Y]
"= RA-R(X'X)"'X'u]  (38)

since under Hy, r — R3 = 0. The matrix B, is idempotent and of rank p because
X(X'X)" R [R(X'X) R R(XX) (X' X)(X'X) ' R[R(X'X) 'R ' R(X'X) X!
= X(X'X)"'R[R(X'X)"'R] ' R(X' X)X

and

tr(B1) = tr(X(X'X) 'R [R(X'X) 'R TR(X'X)TIX)
(R [R(X'X) 'R R(X'X) " (X' X) (X' X))
— tr([R(X'X)'R') 'R(X'X)'R') = tr(I,) = p.

The matrix of the quadratic form S, is clearly B, = I — X(X’X)~ !X’ which is idempotent and or

rank n — k. Moreover, By By = 0, since
X(X'X)'R[R(X'X) 'R T R(X' X)X (I - X(X'X)"'X") = 0.

Hence
(5r— Su)/p
Su/(n— k)
is distributed as F'(p,n — k).
We now turn to the case in which the covariance matrix of u is £ and we wish to test the

hypothesis Hy : R3 = r. We first assume that  is known. We first have
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Theorem 26. Ifu is distributed as N(0,(), and if ) is known, then the Lagrange Multiplier,

Wald, and likelihood ratio test statistics are identical.

Proof. The loglikelihood function is
1 1
log L(5) = (2m) ™/ + 5 log |27 = 5 (¥ — XY Q7' (Y — Xp),

where |Q7!| denotes the determinant of Q~!, and the score vector is

dlog L

— '0—1 —

By further differentiation, the Fischer Information matrix is
IB) = X'Q'X.

The unrestricted maximum likelihood estimator for 3 is obtained by setting the score vector equal

to zero and solving, which yields

f=(X'Q X)) X'Q7Y.
Letting 4 denote the residuals Y — X 8, the loglikelihood can be written as

n 1 -1 1 o1+

logL = ——log(2m) + = log |27 | — =4/'Q™ 4.

2 2 2

To obtain the estimates restricted by the linear relations R = r, we form the Lagrangian
L(B,\) = log L(8) + N (R — 1)

and set its partial derivatives equal to zero, which yields

mggL =X'QONY - XB)+RAX=0

b (39)
dlog L —RG—r=0

o T

Multiply the first equation in (39) by (X’Q~1X)~!, which yields

B=p34+XQ'X)" 'R\

Multiplying this further by R, and noting that R3 = r, we obtain

~[R(X'Q'X)" 'R (RB—r) (40)
B— (X' X)'R[R(X'Q'X) 'R H(RB—1). (41)

A
s
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The loglikelihood, evaluated at 8 is

1 1
log L(B) = —g log(27) + 3 log|Q 7Y — 511’(2_111.

We now construct the test statistics. The Lagrange multiplier statistic is

/
I — [algg ] (3! [810% ]:a,g_lX(X,Q_l)()_lX/Q_la

op (42)
= VR(X'Q'X) 'R\
The Wald statistic is
W = (R3— ) [R(X'Q'X) 'R " (R — 1), (43)
and since the covariance matrix of (R3 —r) is R(X'Q1X)"'R’, W can be written as
W= (RG —r) [R(X'Q'X) 'R [RX'Q'X) 'R [R(X'Q'X) 'R (R — 1)
=N[RX'Q'X)'R'|]A = LM,
where we have used the definition of A in (40). The likelihood ratio test statistic is
LR = —2[logL(3) —log L(B)] = &'Q a — 4'Q 'a. (44)

Since Q=124 = Q~1/2(Y — X3), and substituting in this for § from its definition in (41), we obtain
Q V24 =072y - XB - X(X'Q'X)TIR'A]. (45)

We multiply Eq.(45) by its transpose and note that terms with (Y — X3)Q~'X vanish; hence we

obtain

@/ e =a'Q7 "+ NR(X'QTX) T RN

But the last term is the Lagrange multiplier test statistic from (42); hence comparing this with (44)
yields LR = LM. 1l

We now consider the case when 2 is unknown, but is a smooth function of a p-element vector «,
and denoted by Q(«). We then have

Theorem 27. If u is normally distributed as N(0,Q(«)), then W 2 LR 2 LM.

Proof. Denote by 6 the vector (§',a’). The loglikelihood is

log L(6) = —g log(2m) + %bg 10 a)| + %(Y — X3 a)(Y - Xp).
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Denoting the unrestricted estimates by 6 and the restricted estimates by 0, as before, and in par-
ticular, denoting by 2 the matrix Q(&) and by Q the matrix (@), the three test statistics can be
written, in analogy with Eqgs.(42) to (44), as

LM =#Q ' X(X'Q7'x)7'X'Q 4
W = (RB—r)[R(X'Q'X) 'R " (RB—7)
LR = —2(log L(&, ) — log L(&, 3)).

Now define

where 3, is the unrestricted maximizer of log L(&, B) and
LR(&) = —2(log L(&, 5,) — log L(&, §)), (47)

where 3, is the maximizer of log L(é, 3) subject to the restriction RS —r = 0. LR(&) employs the

same ) matrix as the LM statistic; hence by the argument in Theorem 26,
LR(a) = LM.
It follows that
LR — LM = LR — LR(&) = 2(log L(&, ) — log L(&, 3,)] = 0,

since the @ and 3 estimates are unrestricted. We also note that W and LR(&) use the same (2,

hence they are equal by Theorem 26. Then
W — LR = LR(&) — LR = 2(log L(&, 3) — log L(&, ,)) = 0, (48)
since 3, is a restricted estimate and the highest value of the likelihood with the restriction that can
be achieved is log L(&, 3). Hence W = LR = LM. |l
We now prove a matrix theorem that will be needed subsequently.

Theorem 28. If ¥ is symmetric and positive definite of order p, and if H is of order p X g,
with ¢ < p, and if the rank of H is q, then
> H
H 0

is nonsingular.

Proof. First find a matrix, conformable with the first,

& 4]
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i olle &-000)

Performing the multiplication and equating the two sides, we obtain

such that

SP+HQ =1 (49)
SQ+HR=0 (50)
H'P=0 (51)
HQ=1I (52)
From (49) we have

P+y'HQ =%t (53)

Multiplying Eq.(53) on the left by H’, and noting from Eq.(51) that H'P = 0, we have
H'YST'HQ = H'S (54)

Since H is of full rank, H’Y "' H is nonsingular by a straightforward extension of Lemma 1. Then
Q =HS'H)'HYL !, (55)
which gives us the value of Q). Substituting (55) in Eq.(53) gives
P=x"'-s'gHE'S'H)'H'YS (56)

From Eq.(50) we have
Y 'HR =-Q,

and multiplying this by H' and using Eq.(52) yields
H'S'HR= -1

and

R=—(H'S™'H)™!, (57)

which determines the value of R. Since the matrix

& 8]

is obviously the inverse of the matrix in the theorem, the proof is complete. il



Regression Theory

23

We now consider the regression mode Y = X3 + u, where u is distributed as N (0, 02I), subject

to the restrictions RS = 0; hence this is the same model as considered before with » = 0. Minimize

the sum of squares subject to the restrictions by forming the Lagrangian
L= —-XpB)(Y - XB)+NRS.

The first order conditions can be written as

AR

Denote the matrix on the left hand side of (59) by A, and write its inverse as

el
|

[ PX'Y
- Q/X/Y )

5 Bl _[PX'XpB
AN lxX'Xs |

We can then write the estimates as

>0

and taking expectations, we have

From multiplying out A=A we obtain
PX'X+QR=1
QX'X+SR=0
PR =0
Q/R/ _ I
Hence we can rewrite Eq.(62) as
28] _[U-QRr)B]_[8
A —SRS 01’
since RG = 0 by definition. This, so far, reproduces Corollary 3.

Theorem 29. Given the definition in Eq.(61), the covariance matrix of (3, \) is

[P 0
U[O _S].

Proof. 1t is straightforward to note that

=2 [(3) - (ONR) - (0)] - [exxm 4x33]

(58)

(68)



24 Quandt
From (65) and (66), multiplying the second row of A into the first column of A=1 gives
RP =0,
and multiplying it into the second column gives
RQ =1
Hence, multiplying Eq.(63) on the right by P gives
PX'XP+QRP=P

or, since RP =0,
PX'XP =P.

Multiplying Eq.(63) by @ on the right gives
PX'XQ+QRQ = Q,

or, since RQ) = 1,
PX'XQ =0.

Finally, multiplying (64) by @ on the right gives
Q'X'XQ+SRQ =0,

which implies that
QX'XQ =-S5

We now do large-sample estimation for the general unconstrained and constrained cases. We
wish to estimate the parameters 6 of the density function f(x, ), where x is a random variable and
f is a parameter vector with k£ elements. In what follows, we denote the true value of 6 by 6y. The
loglikelihood is

log L(x, ) = Z log f (i, 6). (69)

Let 6 be the maximum likelihood estimate and let Dy be the differential operator. Also define I (9)
as var(Dplog f(z,0)). It is immediately obvious that var(Dglog L(x,0)) = nl;(f). Expanding in

Taylor Series about 6y, we have

0 = Dglog L(z,0) = Dglog L(x, 6y) + (8 — 6) D32 log L(x, 6) + R(z, 0o, ) (70)
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Theorem 30. Iff is a consistent estimator and the third derivative of the loglikelihood function
is bounded, then \/n(0 — 0y) is distributed as N (0, I;(6y) ™).

Proof. From Eq.(70) we have

. n_1/2D9 1OgL(l‘;60) —|—n_1/2R(33;90aé)
Vn( —6y) = — n=1DZlog L(x, 6o)

(71)

where R is a remainder term of the form (6 — 00)>Dj(log L(z,0)/2, 6 being between 6 and 6y. The
quantity n~'/2Dglog L(x, 6y) is a sum of n terms, each of which has expectation 0 and variance
I,(6p); hence by the Central Limit Theorem, n~'/2Dglog L(x, 6y) is asymptotically normally dis-
tributed with mean zero and variance equal to (1/n)nl1(6p) = I1(6p). The remainder term converges
in probability to zero. The denominator is 1/n times the sum of n terms, each of which has expec-
tation equal to —1I7(fp); hence the entire denominator has the same expectation and by the Weak
Law of Large Numbers the denominator converges to this expectation. Hence \/ﬁ(é —0y) converges
in distribution to a random variable which is I;(6p)~! times an N(0, I;(6y)) variable and hence is
asymptotically distributed as N (0, I1(6p)~1).

We now consider the case when there are p restrictions given by h(6)" = (h1(9), ..., hp(6)) = 0.

Estimation subject to the restrictions requires forming the Lagrangian
G = log L(z,0) — N'h(6)

and setting its first partial derivatives equal to zero:

Dglog L(z,0) — HoA =0

h(d) =0 (72

where Hy is the k x p matrix of the derivatives of h(#) with respect to 6. Expanding in Taylor Series
and neglecting the remainder term, yields asymptotically
Dy 10gL($, 90) + Dg 10gL($, 90)(9 — 90) — ng\ =0

Hy(0 — 6o) =0 ™

The matrix Hy should be evaluated at 0; however, writing Hg(8)\ = Hg(6)\ + H}(0)(0 — 0p) and
noting that if the restrictions hold,  will be near 6y and A will be small, we may take Hy to be

evaluated at 6.

Theorem 31. The vector
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is asymptotically normally distributed with mean zero and covariance matrix

P 0

0 S

where )
Ii(6y) Hpl| P e
H) 0 o s

Proof. Dividing the first line of (73) by v/n and multiplying the second line by 1/n, we can write

[_%Dglogm,go) He] [\/ﬁ(é—eo)] _ l%DelogL(x,Go)] . (74)

H) 0 0

The upper left-hand element in the left-hand matrix converges in probability to I (6p) and the top
element on the right hand side converges in distribution to N(0, I;(6p)). Thus, (74) can be written

as .
Il (90) Hg \/5(9 — 90) _ \/LEDQ 10g L(J?, 90) (75)
Hy 0 X 0 '
Eq.(75) is formally the same as Eq.(59); hence by Theorem 29,
[\/ﬁ(é —0o) ]
L x
ﬁ)‘
is asymptotically normally distributed with mean zero and covariance matrix
P 0
0o S
where )
L(6y) Hel~ P Q
1(60) - (76)
Hy 0 Q S
|

We now turn to the derivation of the asymptotic distribution of the likelihood ratio test statistic.

As before, 6 denotes the unrestricted, and 6 the restricted estimator.

Theorem 32. Under the assumptions that guarantee that both the restricted and unrestricted
estimators (é and 6 respectively) are asymptotically normally distributed with mean zero and co-

variance matrices I(0y) and P respectively, and if the null hypothesis Hy : h(6) = 0 is true, the
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likelihood ratio test statistic, 2log u = 2(log L(x,§) — log L(x, §)) is asymptotically distributed as
2

X (p)-

Proof . Expand log L(x, é) in Taylor Series about 6, which yields to an approximation
~ ~ PN ~ 1 - ~ A ~ ~
log L(x,0) = log L(z,0) + Dglog L(x,0)(0 — 0) + 5(9 —0)'[Dg(log L(z, 0)] (6 — 0). (77)

Since the second term on the right hand side is zero by definition, the likelihood ratio test statistic

becomes
2logp = (0 — 0)'[~D3 log L(z,0)] (0 — 0). (78)

Let v be a k-vector distributed as N(0, I;(6y)). Then we can write

V(0 — 60) = 1(60) v

. (79)
\/5(6 — 90) = Pv
where P is the same P as in Eq.(76). Then, to an approximation,
zlogu = ’U/(Il(eo)_l - P)/Il(eo)(fl(eo)_l - P)’U (80)
=/ (I1(6) =P — P+ PL(0)P)v
We next show that P = PI;(6)P. From Eq.(56) we can write
P=T1(0)" = Li(0) *H(H'I,(6y) *H)"*H'I,(6p)~'. (80)
Multiplying this on the left by I () yields
L(00)P =1 —H(H'I,(60) *H) "H'I,(6y) !,
and multiplying this on the left by P (using the right-hand side of (81)), yields
PI(00)P = I1(60) ™' — 1 (6o) "H[H'I,(60) " H] *H'I,(6y) "
— L1(60) "H[H'L(60) " H) " "H'L1 (60) " (52)
82
+ I1(60) " H[H'I1 (o) " H) "H'I1 (60) "H[H'I, (60) " H] ' H'I,(6p) "
=P
Hence,
2log = ' (I, (6p) " — P)w. (83)

Since I (6p) is symmetric and nonsingular, it can always be written as I1(fy) = AA’, where A is a

nonsingular matrix. Then, if z is a k-vector distributed as N (0, ), we can write

v=Az
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and E(v) = 0 and cov(v) = AA’ = I1(6y) as required. Then
2logp = 2/ A'(I1(6p) "' — P)Az

=27 A'L(0y) Az — A PAz

=JA(A)TAT Az - /A PAz. (84)

=2'z-2APAz

=2/(I — A'PA)z
Now (A'PA)? = AAPAA'PA = A'PI(60)PA, but from Eq.(82), P = PI;(6p)P; hence A'PA is

idempotent, and its rank is clearly the rank of P. But since the k restricted estimates must satisfy

p independent restrictions, the rank of P is k — p. Hence the rank of I — A’PAisk— (k—p) =p. 1
We next turn to the Wald Statistic. Expanding h(é) in Taylor Series about 8y gives asymptotically
h(8) = h(80) + Hy(0 — 6o)
and under the null hypothesis
h(0) = Hy(6 — 6o). (85)

Since \/n(0 — 6) is asymptotically distributed as N (0, I1 (o)1), /nh(8), which is asymptotically
the same as Hjy/n(f — 6y), is asymptotically distributed as N(0, HyI(6p)~ ' Hp). Then the Wald
Statistic, h(f)'[cov(h(0))]~h(0) becomes

W = nh(0) [y (60) " Ho)~"h(6). (6)

Theorem 33. Under Hy : h(0) = 0, and if Hy is of full rank r, W is asymptotically distributed
as x*(p)-

Proof. Let z be distributed as N(0,1) and let I;(6p)~! = AA’, where A is nonsingular. Then
AZ is distributed as N (0, I;(Ap) 1), which is the asymptotic distribution of \/n(d — ). Thus, when
h(0) =0,

VAh(8) = Hy/n(0 — dy)

is asymptotically distributed as HyAz. The Wald Statistic can be written as
W = 2/ A'Ho[H)I,(00) " Hp) *HpAz, (87)

which we obtain by substituting in Eq.(86) the asymptotic equivalent of \/nh(f). But the matrix in
Eq.(87) is idempotent of rank p, since
A'Ho[HpI,(00) " Ho| ' H)AA'Ho[H)I,(00) ' Hy] *HyA =
A'Ho[HyI(00) " Hg] ' H)A



Regression Theory 29

where we have substituted I;(6g)~! for AA’, I;(0)~*' is of rank k, Hyp is of full rank p, and A is

nonsingular. I

We next turn to the Lagrange Multiplier test. If the null hypothesis that h(6) = 0 is true,
then the gradient of the loglikelihood function is likely to be small, where the appropriate metric is
the inverse covariance matrix for Dylog L(x, ). Hence the Lagrange Multiplier statistic is written
generally as

LM = [Dylog L(z, )]’ [cov(Dg log L(z,8))] "' [Dg log L(x, )] (88)
Theorem 34. Under the null hypothesis, LM is distributed as x?(p).

Proof. Expanding Dy log L(x, 0) in Taylor Series, we have asymptotically

Dylog L(zx,0) = Dglog L(x,0) + D log L(x, 0)(6 — 6). (89)

D2 log L(x, 6) converges in probability to —nli(6y), Dglog L(x, ) converges in probability to zero,
and Dy log L(x, f) converges in probability to —nly(6y)(8 — ). But asymptotically § = 6 under the
null; hence n=1/2Dg log L(z, §) is asymptotically distributed as N (0, I;(6)). Hence the appropriate
test is

LM =n"'[Dglog L(z,0)|1,(60) ' [Dglog L(z, )]

which by (88) is asymptotically
LM = n_l [n(é — é)/Il(eo)Il(90)_111(90)(9 — é)n] = n(é — é)/Il(eo)(é — é) (90)

But this is the same as Eq.(78), the likelihood ratio statistic, since the term —D3log L(z,6) in
Eq.(78) is nl1(6p). Since the likelihood ratio statistic has asymptotic x?(p) distribution, so does the
LM statistic. I

We now illustrate the relationship among W, LM, and LR and provide arguments for their
asymptotic distributions in a slightly different way than before with a regression model Y = X3 +u,
with v distributed as N(0,0%I), and the restrictions R3 = r.

In that case the three basic statistics are

W = (RB—7r)[R(X'X)'R (RG —r)/5>
LM = (R3 —r)[R(X'X)"' R " (RB —r)/5 (91)

n

LR = ——(logé? — log5?)

N}

where W is immediate from Eq.(45) when € is set equal to 21, LM follows by substituting (40)
in to (42) and setting Q =52, and LR = —2log i follows by substituting 8, respectively 3 in the
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likelihood function and computing —2 log . The likelihood ratio pu itself can be written as
a'a/n\""?
o (aa/n>

(92)
1

n/2
I+ #(RB—TY(RB—M]

where we have utilized Eq.(37) by dividing both sides by .S,, and taking the reciprocal. We can also

rewrite the F-statistic

(5 — Su)/p
Su/(n—k)
as . L
o (BB [ROCX) RN R - )/ )
N Su/(n—k) '
Comparing (92) and (93) yields immediately
n/2
(Y o
S Sy
and comparing W in (91) with (92) yields
1 n/2
w=(t5w) 35)
Equating (94) and (95) yields
W,
n  n—k
or
wep(1+—)r (96)
P n—%k) '

Although the left-hand side is asymptotically distributed as x?(p) and F has the distribution of
F(p,n—Fk), the right hand side also has asymptotic distribution x?(p), since the quantity pF(p, n—k)
converges in distribution to that chi? distribution.

Comparing the definitions of LM and W in (91) yields

6_2
LM = (§W> (97)
and from Eq.(37) we have
52 =6%(1+W/n). (98)
Hence, from (97) and (98) we deduce
- (99)

- 1+W/n’
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and using (96) we obtain

p(25) F F
M= = P (100)
which converges in distribution as n — oo to x%(p). From (95) we obtain
w
—2logpu = LR =nlog (1—!—;) . (101)

Since for positive z, e* > 1 + z, it follows that

LR ( W> w
—=logll+— | < —
n n n
and hence W > LR.

We next note that for z 2 0, log(1 + 2) 2 z/(1 + 2), since (a) at the origin the left and right
hand sides are equal, and (b) at all other values of z the derivative of the left-hand side, 1/(1 + z)
is greater than the slope of the right-hand side, 1/(1 + 2)2. Tt follows that

log (1 + %) > %
Using (99) and (101), this shows that LR = LM.
Recursive Residuals.
Since least squares residuals are correlated, even when the true errors u are not, it is inappropriate
to use the least squares residuals for tests of the hypothesis that the true errors are uncorrelated. It
may therefore be useful to be able to construct residuals that are uncorrelated when the true errors

are. In order to develop the theory of uncorrelated residuals, we first prove a matrix theorem.

Theorem 35 (Barlett’s). If A is a nonsingular n X n matrix, if u and v are n-vectors, and if
B = A+ wt/, then
Bl o4t A‘luv’A_l.
1+vA-1u
Proof. To show this, we verify that pre- or postmultiplying the above by b yields an identity

matrix. Thus, postmultiplying yields

Ay’ A1

B 'B=I=(A1t'-"—"°"_
( 1+ v A 1y

> (A+uw)

7 A7 ! A A7 u’ A=’
1+v A 1u 1+v A 1u (102)
—A 7w + A7 + A7’ (VAT ) — AT (v AT )y

1+vA 1y
=71
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We consider the standard regression model Y = X3 + u, where u is distributed as N(0,0%I)
and where X is n x k of rank k. Define X; to represent the first j rows of the X-matrix, Y; the
first j rows of the Y-vector, x; the j*® row of X, and y; the 5 element of Y. It follows from the
definitions, for example, that

Xj—l
v

€T .

and sz[
J

Yj—l]
Yj

Define the regression coefficient estimate based on the first j observations as
B = (X} X;) 7 XL (103)

We then have the following

Theorem 36. .
(X)X 0) iy — 2B -1)
L+ a(X) X ) ey

Bj = Bj—1 +
Proof. By Theorem 35,

(X)X )ty (X X q) 7t
1+ a(X)_ X))y '

(X;X5) ™ = (X1 X)) =
We also have by definition that
XYy = XjaYj1 + 2595
Substituting this in Eq.(103) gives

(X)X 1) ey (X X )
1+ 2l (X7 X))ty

Bi=|(X]_, X)) - (Xj—1Yj1 + 25y;)

=B+ (X1 Xj-1) ey,

—(Xj’-_lXj_l)_lxjx;-[(Xj’-_lXj_l)_lX]’-_le_l] + (X]’-_lXj_l)_lxjx;-(X]’-_lXj_l)_lxjyj
L4 af(X5  Xja) e

(X)X 0) iy — 2B1)
L4 2 (X5 Xja)

= Bj—l +

where, in the second line, we bring the second and third terms on a common denominator and also
note that the bracketed expression in the numerator is Bj_l by definition.

First define
_ 1/2
dj = [1 + x;’(X]/'_lXj—l) 137]'] / (104)
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and also define the recursive residuals u; as

Yi — x;Bj—l
d;

Hence, recursive residuals are defined only when the § can be estimated from at least k observations,

i= j=k+1,....n (105)

since for j less than k41, (Xj_;X; 1)~" would not be nonsingular. Hence the vector @ can be

written as
u = CY, (106)
where , S,
_xk+1(‘;(kxk) Xk y 1 0 0 0
k+1 k+1
—$;+2(X1;+1X7«+1)_1)X;+1 1 0 0
C = dit2 di+2 o . (107)
—al (Xl Xne1) DX, g
dn, dn

Since the matrix X ]’ has j columns, the fractions that appear in the first column of C' are rows with
increasingly more columns; hence the term denoted generally by 1/d; occurs in columns of the C'
matrix further and further to the right. Thus, the element 1/dj41 is in column k 4+ 1, 1/dg42 in

column k + 2, and so on. It is also clear that C is an (n — k) X n matrix. We then have

, Theorem 37. (1) @ is linear in Y; (2) E(a) = 0; (3) The covariance matrix of the u is
scalar, i.e., CC" = I,_y; (4) For all linear, unbiased estimators with a scalar covariance matrix,

n ~2 2 ~ . . .
Y impqq U = Y i, uF, where @ is the vector of ordinary least squares residuals.

Proof. (1) The linearity of @ in Y is obvious from Eq.(106).
(2) Tt is easy to show that CX = 0 by multiplying Eq.(107) by X on the right. Multiplying, for
example, the (p — k)™ row of C, (p =k +1,...,n), into X, we obtain

—a (X X)X 1
o = V% “Xpo1 o+ —a, = 0.
P P

It then follows that E(4) = E(CY) = BE(C(XB3+ u)) = E(u) =01

(3) Multiplying the (p — k)* row of C into the (p — k)* column of C’, we obtain
1 ap(Xp 1 Xp—1) T X)X 1 (X1 Xpo1) Ny 1

d; d;

by definition. Multiplying the (p — k)*® row of C into the (s — k)" column of C’, (s > p), yields

[ o]

l‘x;(Xé—lXp—ﬁ_le;—l s 0] P (X X0)!
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(4) We first prove that C'C = I — X(X’X)~'X’. Since CX = 0 by (2) of the theorem, so is
X'C’. Define M = I — X(X'X)~1X’; then

MC' = (I -X(X'X)"'X")C' =" (108)

Hence,

MC' —C'= (M —I)C' =0. (109)

But for any square matrix A and any eigenvalues A of A, if (A — AI)w = 0, then w is an eigenvector
of A. Since M is idempotent, and by Theorem 5 the eigenvalues of M are all zero or 1, the columns
of C” are the eigenvectors of M corresponding to the unit roots (which are n — k in number, becase
the trace of M is n — k).

Now let G’ be the n X k matrix which contains the eigenvectors of M corresponding to the zero

roots. Then, since M is symmetric, the matrix of all the eigenvectors of M is orthogonal and

c @ [g] — I

Let A denote the diagonal matrix of eigenvalues for some matrix A and let W be the matrix of its

eigenvectors. Then AW = W A; applying this to the present case yields

M[C @=[C G’][é 8]:[0/ 0].
Hence
M= MI=M[C' G’][g]z[()’ o][g]zc’a
But
f: W@ =Y'0CY =Y'[I - X(X'X)"' X'y = f: a?.
i=k+1 i=1
1

Now define S; by S; = (Y; — X;3;)'(Y; — X;3;); thus S; is the sum of the squares of the least

squares residuals based on the first j observations. We then have

Theorem 38. Sj = Sj_l + 2.
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Proof. We can write
Sy = (V5 = X;8)'(YV; — X30) = Y] (I - X;(X;X;) 7' X;)Y;
=Y]Y; - Y] X; (X7 X;) T XX (X X)) T XY
(where we have multiplied by X} X; (X;-Xj)_l)
= Y)Y — BiX}X;3; + 2B, 1 (= X[V + X[ X, 3;)
(where we replaced (X;X;)”'X}Y; by B; and where the third. (110)
term has value equal to zero)
=YY} — B X} X;8) + 261 X[ Y5 + 28,1 X X3,
+ B8 A XX B — B X)X B
(where we have added and subtracted the last term)
= (Y — X;8-1)(Y; — X;8j-1) — (B; — Bi—1) X, X;(B; — Bj-1)
Using the definition of X; and Y; and the definition of regression coefficient estimates, we can also

write
XiX;Bj = X;Y; = Xj_1Yj+ajy; = Xj 1 X101 +ajy+

= (X}Xj — aja)) 61 + 25y ,
= X[ X851+ z;(y; — 2)B5-1)
and multiplying through by (X}X;)",

B = Bi—1+ (X[ X;) " i (y; — 2B5-1). (111)
Substituting from Eq.(111) for Bj — Bj_l in Eq.(110), we obtain
Sj =814 (y; — 2)B3-1)" — (X[ X;) " (y; — 2 B5-0)° (112)
Finally, we substitute for (X} X;)~" in Eq.(112) from Bartlett’s Identity (Theorem 35), yielding

Sj = Sj-1+ (y; — 7)3j-1)*x
L+ al(X)_y Xj1) ey — 2 (Xy Xgoa) ey — (X XGo0) 7 ay)? + (2 (X X))

L4 2 (X5 Xja) "y

from which the Theorem follows immediately, since @ is defined as

(yj = @50j—1) /(1 + 25(X] 1 X)),

We now briefly return to the case of testing the equality of regression coefficients in two regression

in the case of insufficient degrees of freedom (i.e., the Chow Test). Asin Case 4, on p. 13, the number
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of observations in the two data sets is n; and nsy respectively. Denoting the sum of squares from the
regression on the first n; observations by 4., , and the sum of squares using all nj 4+ ny observations
by i,, where the ds are the ordinary (not recursive) least squares residuals, the test statistic can

be written as

By Theorem 37, this can be written as

nitnz 5 ni 5 nitnz 5
(2 a4 — > u7)/ne > Ui/na
i=k+1 i=kt1 _ i=ngl
ni B - n1 B :
> 4;/(n—k) > 4;/(n—k)
i=k+1 i=k+1

It may be noted that the numerator and denominator share no value of 4;; since the us are inde-

pendent, the numerator and denominator are independently distributed. Moreover, each w; has zero

2

mean, is normally distributed and is independent of every other #;, and has variance o, since

(B — u; — B;_1)?
L4 i (Xi Xia) " he
- x;E[(ﬁ — Bz‘—l)(ﬁ - Bz’—l)/]xi + E(u?) — 2.

U 2 (X Xima) 7

E(i?)=E

7

Hence, the ratio has an F distribution, as argued earlier.
Cusum of Squares Test. We consider a test of the hypothesis that a change in the true values of
the regression coefficients occured at some observation in a series of observations. For this purpose

we define
Qi=——, (113)

where 1; represent the recursive residuals.

We now have

Theorem 39. On the hypothesis that the values of the regression coefficients do not change,
the random variable 1 — Q; has Beta distribution, and E(Q;) = (i — k)/(n — k).

Proof. From Eq.(113), we can write
n ~2
i1 4
: —.
D imkt1 i3

Since the numerator and denominator of Eq.(114) are sums of iid normal variables with zero mean

Q' -1= (114)

and constant variance, and since the numerator and denominator share no common 1;, the quantity
i—k

_ -1 _
Z—(Qi 1)n—k;
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is distributed as F'(n — 4,7 — k). Consider the distribution of the random variable w, where W is
defined by
(n—i)z/(i —k) = w/(1-w)

. Then the density of w is the Beta density

F(O“’_ﬁ_l) e _ B
M @
with a = -1+ (n—1)/2 and = -1+ (i — k)/2. It follows that
a+1 n—1i
E(l_Qi):a—l-ﬁ—l-Z:n—k;’
and .
E(Q;) = :l__ - (115)

Durbin (Biometrika, 1969, pp.1-15) provides tables for constructing confidence bands for @Q; of
the form E(Q;) £ co.



